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Abstract . For k = 1 , 2 , . . . oo and a Frolicher — Kriegl order k Lipschitz differentiable map 
/ : E D U — > E having derivative at x £ U a linear homeomorphism E — » E and satisfying 
a Colombeau type tameness condition, we prove that x has a neighbourhood V C U with 
/ 1 V a local order k Lipschitz diffeomorphism. As a corollary we obtain a similar result 
for Keller C c °° maps with E in a class including Frechet and Silva spaces. We also indicate 
a procedure for verifying the tameness condition for maps of the type x i— » <p o [ id , x ] and 
spaces E = C °°(Q) when Q is compact by considering the case Q = [0,1]. Our consid- 
erations are motivated by the wish to try to retain something valuable in an interesting 
but defective treatment of integrability of Lie algebras by J. Leslie. 



In [[5]; Theorem 4.1, p. 439] an interesting assertion is given which via [[5]; Lemma 
4.2, p. 441] is based on [[5]; Theorem 2.2, p. 430] whose proof in turn is omitted 
for the most part with the exception of just few hints. It even seems that it cannot 
be proved unless one there requires the space E to be suitably restricted. To fill at 
least this gap in [[9]] , we prove Theorem [8] below which then gives Corollary [9] as a 
replacement for [[9]; Theorem 2.2] when E is cm-convenient. 

Proposition[in]below should serve as a prototype for assertions guaranteeing that 
Corollary [9] can be applied to maps of the type x i— > <p o [ id , x ] of spaces C°°(Q) 
when Q is compact. Below, we shall use the notational conventions of [[3]] from 
which we in particular recall the following 

1 Conventions. Letting R be the topological field of real numbers, the class of all 
real locally convex Hausdorff topological vector spaces is LCS (R) . For E £ LCS (R) 
we have E = (X,T) where X — <r rd E is the underlying "abstract" real vector 
space, and T = r rd E is the (locally convex) topology for the underlying set v s E . 
The filter of T - neighborhoods of the zero vector E is Af E , and the von Neu- 
mann homology, the set of all bounded sets is B S E . 

A vector map of spaces in LCS (R) is any triplet / = (E , F , /) such that E ,F G 
LCS (R) and / is a function with / C (v s E) x (v s F) . The function value of / at 
x is f"x, instead of the conventional notation "f(x) v . The derivative at x of a 
Gateaux differentiable map / = (E , F , f) is f'(x) . 

By definition, we have dom 2 F = dom (dom F) for any class F. 

For k £ oo + = 1N U {oo} , we below consider the differentiability classes £ip£ Kt 
and C c k (R). The latter one has as its members exactly the maps (E,F,f) with 
E,F £ LCS(i2) and dom / £ T rd E such that for I £ k + 1. the order I variation 
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8 FF / has dom (Sl F /) = (v s E) l + (~l { a; : a; v G dom/ } , and 8 FF f is contin- 
uous T r(J (2? '+ 1 -ltvs) _> r rd F . For more information, see [[3]; Section 3] and [J7|] . 

The class Cip k Kt has as its elements exactly the maps (E,F, f) such that the 
spaces E ,F S LCS (i?) are bornological and locally (i.e. Mackey) complete, see [0; 
p. 196 ] or [[5]; Lemma 2.2, p. 15 ] , and / : E D dom / — ► F is in the sense 

of [[2]; pp. 83, 99] or [[8]; Definition 12.1, p. 118]. Our choice corresponds to the 
one made in [[2]] where the spaces are bornological (locally convex) which is not 
required in [[§]] . This has the consequence that for any fixed k £ oo + the class 
Lip { (R , E ) } of local k th order Lipschitz differentiable curves in E uniquely 
determines E in the class LCS(,R) n { F : a rd E = a rd F and B S E = B S F } when 
xz = fk , but not when XZ = KM . 

For E £ LCS (R) , a set U C u s F we call mopen in F if and only if for all x G {/ 
and B £ B S E there is <5 G JR + with t5 C [/ - i for < t < (5. The set r Mac F = 
{U : U mopen in F } then is a topology for with r rd E C r Mac F , equality here 
holding if F is metrizable, cf. [[2]; Remark 2.4.5, p. 52] where r Mac £ is called the 
Mackey closure topology. For (E,F,f) G Cip k Kt it holds that dom / G T Mac F and 
that / is continuous t Usio E — > T Mac F, and further (E ,F , f \ U) G Cip k Kt for any 
[/ G r Mac £7 . For these facts, we refer the reader to see [[H; Proposition 2.3.7, p. 44, 
Corollary 4.1.7, p. 85, Proposition 4.3.2, p. 99] . 

For short, a space E G LCS(-R) we call cm-convenient iff also E is bornological 
and locally complete, and such that T Mac (E 1 *' 1 ™) = r rd (F fc ]t™) holds for k G 1V . 
By the above, all Frechet spaces are cm- convenient, and by [|5]; Theorem 7.3.2(1), 
p. 99] also Silva spaces are cm-convenient, cf. [[2]; Theorem 6.1.4, p. 190] . 

2 Proposition. Let f = (E,F,f) where F G dom 2 £ip® Kt and E is cm-conven- 
ient. The equivalence f G Cip^ t / G C c °°(f?) f/ien holds. 

Proof. First letting / e£ip™ t , for fc G IV by [H Theorem 4.3.27, p. 112], 
for the variation map 5 k f = (E k + 1 -^ S ,F , 5 k F /) we have 5 k f G CiPp Kt with 
dom(<5j F /) = (u s F) fe+1 - fl { a; : aT0 G dom/}. By [2; Corollary 4.1.7, p. 85], 
hence 8 FF f is continuous r Mac (F fc + 1 -J tvB ) — > r Mac F, whence by r rd F C r Mac F, 
also continuous r r(i (F^ 1 -]^) _> r ^i?. So we get 5 k f G C c ' (i?) . Here fc G JV 
being arbitrary, we get / G C c °°(i?) . Conversely, then letting / G C c °°(i2) , for 
an arbitrary c G £ip ~ { (R , E ) } = C c °° (i?) ~ { (R , E) } the chain rule gives the 
result that foe G C c °° (-R)" { (R , F) } . Directly by definition, this further gives 
/ G Cip™ t , in view of [H; Lemma 4.3.1, p. 99] . □ 

3 Definitions. For E G LCS(i?) , a set B C £> S F \{0} of absolutely convex closed 
sets we call a bornological generator for F iff for all A , _B G B there is C G B with 
AUBCC, and every Ae B S E has some i G M + and B £ B with ACtB. 

For any real vector space X and any nonempty absolutely convex B in X and 
any x £ v s X with Sx s £ = -ZR + D { t : G B } we let || x \\ X b = m ^ (^x b x ) t 
hence having || x \\ XB = +oo in case x ^ S for the linear span S — r rd X [ M + x B } 
= {tv : t £ M + and v £ B } . In particular, if we have X = cr rd E with E locally 
complete and also B is T rd E— closed with B £ B s E , by [[6]; Proposition 10.2.1, p. 
197] then (X\g, ( ||ac||xfl ■ x £ S }) is a, normed Banach space with B its closed 
unit ball. The corresponding Banachable locally convex topological vector space 
is X B = (X\ S ,T) for T = V s Sn {U : Vi G U ; 3 s £ R + ; eB C U - x} . Note 
that we have r Mac E C\S C.T. 
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The standard argument in [ ITU1 ; Theorem 10.7, pp. 231-232] gives the following 

4 Lemma. Let < e < 1, and let (X^is) be a normed Banach space. If also £ 
is linear X — > X with ^'(ri-i) < e (f"x) for all x £ v s X, then £~ L is linear 
X — > X with V o £~ LS x < (1 - e) _1 (l/ v x) and 

" tv a; - x) < (1 - e)~ 1 e (v x x) for all x £ v s X . 

5 Definitions. We let Colo A (/ ,y ,s,B) mean that there are E,f such that / = 
(E,E,f) with / a Gateaux differentiable map and E G LCS(-R) bornological and 
locally complete and e G M + and B a bornological generator for E such that 
for v G B G B and for y a = y +2v we have i/j G (dom/) n (v s (a rd E B )) , and also 
the inclusion (/'(yj - /'(y ))" B C e f'(y o y B holds. 

Let Colo (/,y ,£,B) mean that Colo A (/,y ,£,B) holds and f'{y ) is a linear 
homeomorphism E — > E . For / = {E ,E , f) , letting / | map = (E, E, / | , a 
vector map / we say to be Colombeau - tame at y iff for all V with y £ V £ r rd E 
there is some B such that Colo ( / | map V, y , | ,B) holds. 

6 Remark. We note some facts to be used below. 

(a) Assuming Colo A (/, y , e , B) to hold with f=(E,E,f) and X = a T4 E 
and B £ B, since B G B by circledness of B following from its absolute convexity, 
we have y = y + 2 E £ dom / flu, (X5 ) , and consequently Q Q v s (X B ) holds 
for the closed convex set Q = y + 2 B . Further (r rd (X B ) ,r rd E , / | Q) is a topo- 
logical map , i.e. we have / | Q continuous r rd {X B ) —> r rd E . 

To see this, arbitrarily fixing y 1 £ Q and a closed convex V £ M E , there should 
be some N £ Af bh (y 1: T rd (X B ) fl Q) with f"N£fy 1 + V. For this, we first note 
that f'(y ) being a continous linear map E — > E , it is bornological S s B — > B s E , 
and hence we have /'(?/o)"B G B S E , whence further there is some e 1 £ 1R + with 
£1 /'(2/o)"B C V. With A = (1 +£)- 1 e 1 , now taking TV = (y x + A B) n Q, for 
2/2 = Vi + w S ^ we see / "2/2 S / + to hold as follows. 

For I = [0,1] and c = ( f * {yi + tv) — f ^ y± : t £ I ) , we have c a differentiable 
curve in B with c~0 = Q E and c v l = / v y 2 — f Ui - By the mean value theorem, it 
hence suffices that rng (D s c) C V . This is the case since for t £ I we have 
D £ ct = f'iVx + tvYv£ (f'(yx +tv)- f'(y )r (AB) + /'(y )" (AB) 

C\(Ef'(y o yB+J'(y o yB) C A (1 + e) f'(y Q )"B C eJ'^B C 7. 

(b) Assuming Colo (/, y , £, B) to hold with /= (B,B,/) and X = a rd E 
and e < 1 , for £/i G y + 2 U £> we have f'(yi) a linear homeomorphism E — > B . 
For this, since we assume B to be bornological, it suffices that /'(^i) is bijective 
u s E — > u s E, and that f'(yi) and (/'(t/i)) _t are bornological B S E — > B S E. 

First, to show indirectly that /'(j/i) is injective, if not, there is u G u s B \{0 B } 
with f'{yiYv — E . There further is B 1 £ B with y 1 £ y + 2B X , and there is 
B 2 £ B with v £ v s (X Bz ) . We then find B 3 G B with B 1 UB 2 CJ3 3 , and we have 
(f'iVi) ~ f'iVoT B 3 C £ /'(y o r B 3 . For * = (/'(y ))-' o I it 

follows that 0< |Mlxs 3 = \\i s v-v\\ XB3 <e\\v\\ XB3 < \\v\\ XBs . 

To get v s E C rng (f'(yi)) , given v£v s E, deducing as above, we find B 3 
with (f'( yi ) - f'(y )r B 3 C e f'(y o y B 3 , and now f'(y )-^v £ v s (X_ B2 ) . For 
i£u s (I Bj ) then || f^a; — x \\ X b 3 < £ \\ x \\xb 3 whence Lemma S] gives f'{y )~ L 
G w s (A Ba ) C rng £ , and so there is u £ v s (X B3 ) C u s B with f'iyiYu = v. 
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To prove that /'(j/i) is bornological B S E — > B s E , given B E B S E , as above, 
we find J5 3 with now also having B C XB 3 for a suitable X E M + . Then we obtain 
f'SViTB C Xf'( yi yB 3 CA(1 + e)/'(j/ )*Bj S To get the assertion for 

we arrange -B C X f'(y )" B 3 , and by Lemma 2] we obtain £~ L "B 3 C 
(1 -e)- 1 B 3 , whence f'iyJ-^B CX(l-e)- 1 B 3 E B S E follows. 

(c) Assuming Colo (/, y , e, £?) to hold with f—(E,E,f) and X = a rd E 
and £ = {f'{y ))~\ for fi = (y — £°fy-y& dom/) , and for y a ,y 9 Ey + 2B 
with Be 6, we have || ,/Vj/g - /;?/ 9 || XB < e || y g - y 9 . Indeed, putting 
v = y 8 — y 9 and J = [0,1], and considering in the space the differentiable 
curve c = (tv — (f' (y 9 +tv) — f y y g ) : t £ I } , for which we have c v = B 
and cfl = /^j/g - fiy 9 and D B c = ( v - £ o (/'(y 9 + i w)) *v : t E J } , to get 
the assertion, by the mean value theorem, for arbitrarily fixed t e /, it suffices 
that ||D£C s i|| XB < £ || v II ■ This is the case, since for y 7 = yc, + tv and for 
li = t° U'iVr)) , we have the inclusion (f'(y 7 ) - /'(y )) w B C e /'(y )" B , which 
further gives ||D E c~i|| XB = ||^u-u|| XB <e|M| X£ >. 

7 Lemma. Let Colo (/, y ,e,B) hold with 0<e<i and f—(E,E,f) and 
X = <7 rd E and x — f^y . Also let £ = (/'(y )) _t an d Q = x + £~ L "" [j B . Then 
there is a function g C f~ l with x £ dom g E T Td E C\ V S Q , and in addition for 
every B E B and for all x 1 , x 2 E (x + £~ L " B) n dom g it holds that 
\\g s x x - g s x 2 \\ XB < (l-e)- 1 \\£'{x 1 -x 2 )\\ XB . 

Proof. Let h — {(x ,y , z) : 3x 1 ; (y , Xi) 6 / and £ *x — £^ x 1 + y = z} . 
Then ft, is a function, and we further put g 1 = dom 2 T, where Y is the set of 
all (x,y,B,y) such that BeB and y E (v s E) 1Na with x E x + f'(y )~ B and 
y® = Va an d V —> V i* 1 top r 7 . d i£ and (x , y ~ i , y " i + ) E h for all i E 1N . 

We note that g ± is a function, since if (x,y c ) E g ± for t = li2 > we get y x = y 2 
as follows. There are B L and y L with (x,y L ,B L ,y L ) E Y. As we have y t v = y 
and (x,y^i,y^i + ) E h for all z £ JV , since h is a function, by induction we get 
y^i = y 2 i for i E IV , and hence y\—y 2 . Since T rd E is a Hausdorff topology, 
and as we have y x — ► y t in top T rd i? , it follows that y x = y 2 . 

We next prove that dom g 1 = <5. Trivially having dom g t C Q, arbitrarily 
given x E x + f'(y )" B with B E B , it suffices to show that there are y, y with 
(x,y,B,y)EY. To establish this, we construct y by the following recursion: 
fixing any z E U\v s E , we require that y s $ = y and y^i + — h y (x,y"i) in case 
(x,y K i) E dom h, otherwise putting y*i + = z , for all i E M . Letting (Z) A mean 
that ||y v i ++ — y"i + \\ XB — £ \\y^ + ~ y i Wxb < +°° holds for all z E I + , we first 
establish Ml E 1N ; (Z) A by induction as follows. 

To get (0) A , first note that y"l. = y s % + = £ " x - £ s x + y . To get (x,y'l.) E 
dom h, by our arrangements and Definitions [5] it suffices for v = y l. — y that 
v E2B. This holds by v =£'{x-x ) E £[{f'(y )Y B] = B C 2B, which also 
gives || v || XB < 1 . We hence have 

y2. — y v ++ = h" (x, y v l.) = £ K x — £ o / + y v l., whence 

y^2.-^i. = ^^-£o/^( y n.) = ^X + y v i--yo-^°/ v (y N i-) 

= «o - ^ - J v y ) = fiVs - /i^o , 

taking y 8 = y v l.. Remark El(c) now gives the assertion. 

With Z € JZV now assuming that (l) A holds, we prove (l + ) A as follows. Since 
we have (l) A , for v l = y s l ++ — y"Z + and v 2 = y^l +++ — y v Z ++ we only have to 
establish || v 2 \\ XB < e || v x \ XB . By (Z) A we have 
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\\v^ ++ -voWxb <E ie; ++ lly^' + -y"i\\xB 

(e) <£ ie / ++ £ i |Kllx S <£ iei++ £ i <2, 
and consequently (x ,y v l ++ ) G dom h , whence further 

y^+++ = ra:-£ o/ v (y v /++) + yl++. Also having 

y"l++ = £'x~ to f'{y"l + ) + y"l + , we get 

« a = «i-rcr(v 4 1 ++ ) - f\yi + )) = K{yi ++ ) - , 

whence again Remark [S](c) gives the assertion. 

Now having obtained VZ £ iV ; (Z) A , we know that y is a Cauchy sequence in 
X b , which is Banachable, hence complete by the assumption that E is locally 
complete. Hence, there is y with y —> y in top T" ri (Xg), and consequently also 
y — > ?/ in top T rd P . We have now concluded the proof of dom g x = Q . 

From the assumption that B is a bornological generator for P it follows that 
U $ is an absolutely convex bornivore in E , hence also f'(y )^ (J B since f'(y ) 
is assumed to be a linear homcomorphism E — » P . Since P is assumed to be 
bornological, we have /'(y ) " U ^ e No E , whence it follows existence of some 
U £ r rd E with ie G P C Q. Then putting g = g x | P, we have g a function with 
x G dom g = U £ r rd E nV s Q , recalling that P s Q = {S:Scg}. 

We now proceed to prove g C For this considering arbitrary [x , y) G g , we 
have {x ,y) € g 1 , whence there are B , y with (x ,y , B , y) 6 T. A slight rearrange- 
ment of the arguments used to establish dom g l = Q shows that (e) holds. This 
gives ye (y + 2 B) w ° whence by closedness of B we get y G y + 2 B C dom /. 
Since for P = (r r(J (X B ) ,T rd E) we have (P, / | (y + 2 P )) a continuous map, also 
(P, ^ o / | (y + 2P)) is such. For i G IV having y"i + — £" x — £ o f " [y" i) + y" i , 
we get y = V x — £ o f ^ y + y , consequently a; = fy, and hence (x,y) G /~ l . 

Fixing P G B and , x 2 G (x + £~ l " B) n P, for y L = g^x L and u = — x 2 
and i) = — y 2 it remains to establish || v \\ XB ^ (1 — e ) _1 II ^ ^ II xb ■ We have 
Vi = X - (■ ° / *Ui + Vl j whence we get 

v - £^u = v - £^(f^y 1 - f^y 2 ) = f 1 ^y 1 - f^y 2 . Noting that by the 

preceding paragraph we have y 1 ,y 2 G 2/o + 2 P , by Remark [U(c) we get 

II^-^IIxb = ll/iyi-Ziyallxs <e|Mlxs 

and further || u || x B — \\v — £^u + f/u\\ XB 

< \\v-ru\\ XB + \\ru\\ XB <e\\v\\ XB + \\ru\\ XB , 

whence finally || v \\ XB < (1 — e) _1 1| £ \\ XB . □ 

8 Theorem. If and f = (E,E,f) G Cip^ Kt and f is Colombeau -tame 

at y , there is U with y G U G r Mac E and (E , E ,(f \ U)~ L ) G £ip£ Kt . 

Proof. Assuming the premise, let x = f^y and X = <J Td E . Now, there is 
B such that Colo ( / | map v s E , y , ~ , P ) holds. Putting Q = t/ + 2 |J B , we 
show indirectly that / 1 Q is injective. Indeed, if this does not hold, there are 
distinct y Xl y 2 G dom / n Q with f^y x — f^y 2 , and we find some P G £> with 
2/i j 2/2 e y + 2 P . Letting v = y x -y 2 , by Remark [6](c) we then get || t> || XB = 
II 2/i- 2/2 II xb = II /i Vi-fiVi II xb < 5 II 2/i -2/2 II = ^IMIxb whence finally 
< \\v\\xb = 2 II«IUb - \\ v \\xB < \\v\\xb ~ \\ v \\xB = °i a contradiction. 

Next, since (J £> is an absolutely convex bornivore in P, there is V G T rd E 
with y G V C Q , whence there further is some B with Colo (/ | map V, y , \ , B) . 
Letting g be as given by Lemma [7] above, and taking U — rng g , since / 1 V is 
injective and jC (/ | V)~ L , and as dom g G T rd P C T Mac P, in view of continuity 
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of (r Mac E,T Uao E,f | V) it follows that U = (/ | V ) ~" [ dom 9 ]£t m „E. Trivially 
having y G U, for <jr = (E ,E ,g) it remains to establish g G Cip^ Kt . 

For this using [ 2 ; Theorem 4.8.4, p. 152 ] , in view of Remark[6](b) it suffices that 
g G £ip® Kt . That is, for arbitrarily given c G Cip^l { (-R > ^) } an d 7 — 5 ° c > we 
should have 7 G £ip p K " { (12 , 15 ) } . To get this, for arbitrarily given t G dom 7 it 
suffices to show existence of S G M + and B G $ such that for J = ] £ — 6,t + 6 [ 
we have 7 | J G £ip® K " { (R , X B ) } . To get this, we put B 1 = I ~ b w £> , and first note 
that e v i — y G dom g — y <E r rd E . Hence, there is a real r > 1 with r (c^ — y ) 
G dom g — y C (J , whence further there is _B 2 G Si with r (c^t — y Q ) G B 2 ■ 
By [U; Corollary 1.8, p. 13] we then find 8 G IR + and B 1 G Bj with B 2 C B 1 and 
c I J G Cip^l { (R , X Bl ) } . Since now c"t — y G Int Trd pf B j B 1 , we may take 5 
smaller so that also c"J C y + B 1 . For B — £"B 1 , the "in addition" part of 
Lemma [7] now gives 7 | J G Cip ° K " { (12 , X B ) } . □ 

9 Corollary. If f = (E , E , /) G C c °°(i?) wif/i E 1 a cm- convenient space, and if 
also f is Colombeau - tame at x , i/iere is ?7 with 

x G [7 G T d £ and (£, (/ | U)-") G C c °°(12) . 

Proof. Since T Uac E — r rd E holds for cm-convenient E , the assertion immedi- 
ately follows from Proposition [3 and Theorem [5] above. □ 

To indicate the basic idea for proving Colombeau -tameness for maps of the 
type x t— > ip o [ id , x ] , and also to show that Colombeau - tameness despite of its 
strength is not too restrictive, we establish the following 

10 Proposition. Let I = [0,1] and E = C°°(I) , and also let ip : I x M —> M be 
smooth with $ rng d 2 <p ■ For f — { if o [id , x ] : x £ v s E ) and for f = (E , E , /) , 
then f is Colombeau - tame at every x G v s E . 

Proof. Assuming that x G V G T rd E , there is l G -ffV Q with the property that 
x + V C V for the set V = v s E n { 2 : Vi G Z + , s G J ; Z | z w < 2 } . For 

X = /x_ZRx_ZRn{(s,77,i) : 

t = 4:(d 2 ip'{s,x's))- 1 f Q dl~ (p^(s,x"s + 2s 1 r]) ds 1 } , 

we observe that 2 (f'(x))~ L o (f'(x + 2 u) — f'{x)) 'd — x o [ id , u] ■ u ■ v for any 
u ,v G v s E . To prove that / is Colombeau - tame at x , it hence suffices to es- 
tablish a bornological generator B for E such that we have x G v s (a rd E B ) and 
(*) x°[id,ii]-ii-wG-BCiV r whenever u ,v G B G B . 

To get this, we make the following preparations and observations. Write 
Bm = v s E n{x :Vi E N ,s E I ; \ x ( - l) "s \ < m"i}, 
where we generally require m G (M + ) 1N ° to be nondecreasing. For i G IN , let 
Pi = JV x2 - n { (ii,i 2 ) : i 1 + i 2 G i + } , and for Xi € « S C°° (/ x J?) and u £v s E 
define the "jet" functions 

J 2 ' Xi :/xE 9 Cm{( !ii12 , fl« fl*" x X) ■ (ix , H) e P z } G Pl 
and Jj'u :I3sh : I E i + ) G + 

If we have a polymial function p : M Ft x M l x M l ^ M with the properties 
that for fixed £ the map (77, C) ^ (»7 , C > is bilinear R Pl lv S x s (R l lv=) _> R ; 
and for all Xi G u s C°° (/ x M) and u, v G v s E we have 

(Xi [ id , u] • u ■ v)^ — d 2 Xi [id , u] ■ ■ u ■ v + Xi [ id , u] ■ ■ v 
(s) + Xi [id ,u] ■ u ■ +p o [ J*Xi [id ,u] , J* -1 - v, J^ -1 - u] , 
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it follows that (xi ° [id, it] • u ■ + = 

9\d 2 Xi [ id ! u ] • M ^ ■ m • « + 9 2 2 ' Xi ° [ id , u] -u'-u^ - u-v 
+ d 2 Xi [ id , it] • + • u • w + 9 2 Xi ° [ id , u ] • • u' • i> 
+ <9 2 Xi [ id , u ] • it^ • it • v' + d r Xi [ id , u] ■ ■ v 
+ d 2 Xi° [ id, it] -u'-u^ ■ v + Xi ° [ id , u] ■ u^ l + ir> ■ v 
+ Xi ° [ id , u ] • uW • w ' + c?! Xi [ id , m ] • u • 
+ <9 2 Xi o [ id , u] • u'- u ■ «W + Xi ° [ id , u] • u' • 
+ Xi ° [id ,ti] ■ ■ + + po [ J 2 diXi ° [id ,ti] , J^ -1, u, J^ -1 ' u] 
+ po [ J 2 <9 2 Xi ° [id ,u] , J* -1 - u, J* -1, u] -u' 
+ P° [J2X1 [id,«], Jj" 1 ^', Jj" 1 ^] 
+ d 3 po [ J*Xi [id,«] , J* -1 ' Ji -1 ' u] . (Jj -1 -^') . 

Omitting the details, from the preceding one sees that by a suitable recursion 
one can construct PeU* such that for (i , p ) G P we have p = P " i a polynomial 
as above such that (s) holds for the appropriate Xi 7 u , v ■ Letting Rz s denote 

sup{|P^^(^,r,,C)| :^:^e J 2 i + 1 -X[/ X2 '] 

and sup { | r | : r £ rng (rj U £ ) } < s } , 

and constructing p£ U*° by the recursion 

p v = ( max { s , R s } : s £ M + ) and 
p v i + = (max { p"Vs , Ri + s } : s £ M + } for i E 1N , 
and putting p = p A , then p is a function 1V x M + — > M + , nondecreasing sepa- 
rately in both arguments, with p~~ (i , 0) = and s < p*(i,s) for i £ W and s £ M + , 
and p{i,-) continuous at , and also such that with 

B = sup{ 1 + |r| : r £ (x U d 2 x) U * 2 '] } we nave 

I (x o [id,u] ■u-v) ( - i + 1 -^s I < B (M + 2) M (m"i + ) + p"{i,M) 
for z £ W and s G I and ii,»eBm and m £ (M + ) 1No such that m v < M < 1 
and sup (m"i + ) < M < +00 . 

Putting « {l =l + xl + xJV xl + n{(r,s,!,i): 

p v (M) = * (1 - B r(2 + r)) and B r (2 + r) < 1 } , 
we note that 9 (r, ■ ,i) is continuous at with o "(r,O,i) = whenever (r,0,i) G 
dom 8 . Using this, by a suitable finite induction, one first establishes existence 
of n G (M + ) to + 1 - with { {n% , ni , i , ni + ) : i £ l } C ff and n% < ^B' 1 and 
l (n"l ) < 1 , and then fixes one such n . With 

x = (sup{ 1 + I y s \ : s £ I and I £ i + } : i £ 1N ) and 
= ( (n^)- 1 (xol )- 1 (xoi) : i £ 1N ) and 
9 = {(r,s,i,t) : 3t l ; (r, s,i, ti) G O and i = max {i x , a; 1 "i + }} and 
X = (M + ) 1N ° n{m:nCmaiidV!£JV ; (T(m v ,m"i,i) <mH + }, 
we now take B = {Bm:meAi}. 

Note that by m s i < p"(i,m*i) < 6* v (m v ,m~ i , i) < m s i + every m 6 is 
nondecreasing. By our construction, it is straightforward to verify that (*) above 
holds. Since every B £ B is absolutely convex, to have B a bornological generator 
for E , one should verify 

(11) Vm n m 2 G.M;3mG.M;ViG W ; max { m^i , m 2 v i } < m^i , 

(1 2 ) V6 G + ;3 £ e« + ,meJW;VieJV ; e(b v i) < mH. 
To get (ij) , for i £ W \ l one applies the recursion 

m s i + = max { m-^i + , m 2 i + , v (n v , m s i , i) } with m s l = n s l Q . 
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For (i 2 ) one first chooses e £ M + so that Iq C { i : e (b*i) < n s i } , and then 
applies the recursion m "i + = max { e (£Ti + ) , 8 " , m'i , z ) } . □ 

To give some perspective, we conclude with the following 

11 Remark. Original formulations of Colombeau's "tameness" conditions are given 
in [[]]] and reproduced in [3|; Section XIII. 4] . There these conditions concern Silva 
differentiable maps between convex bornological vector spaces. In [[9]] , the condi- 
tions are adapted for maps between bornological locally convex spaces. Definition 
2.1 in [9; p. 428] introduces certain order k differentiability classes which by [[7]; 
Theorem 2.8.1(2), pp. 102, 105] and by a suitable adaptation of the idea in the 
proof of [HI; Theorem 5.20, pp. 62, 27] are precisely the classes C c fc (i?) . It seems 
that in [02] one has not taken into account carefully enough the fact that a Silva 
C map need not be continuous with respect to the locally convex topologies when 
the domain space is not cm-convenient. 
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